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Abstract
The Mott-Gurney equation (Child’s law) has been frequently applied to measure the mobility of
carrier transport layers. One of the main assumption in the Mott-Gurney theory is ignoring the
diffusive currents. It was not obvious, however, whether the diffusive currents can be ignored for thin
carrier transport layers. We obtained the current-voltage relation using analytical solutions of drift-
diffusion equation coupled with the Poisson’s equation. The integration constants were numerically
determined using nonlinear equations obtained from boundary conditions. A simple analytical relation
between the voltage and current was also derived. The analytical equation improved over the Mott-
Gurney equation when the voltage is between 0.1 and 2 [V] at room temperature. By using published
data, we show that both the mobility and the layer thickness can be simultaneously obtained by
applying the analytical expression. The effect of diffusion on the current-voltage relation is explained
by the movement of the virtual electrode formed by space charge accumulation.
PACS numbers:
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I. INTRODUCTION
Recently, thin carrier transport layers have been used for organic electronics such as elec-
troluminescence and organic solar cells. [1] Carrier transport in thin layers could be different
from that in thick layers. Drift currents may dominate over the diffusive currents if the layer
is sufficiently thick but it is not throughly understood whether the diffusive currents can be
ignored or not for thin carrier transport layers. By ignoring the diffusive currents, a simple
analytical expression describing the relation between the current and voltage has been derived.
The simple equation called the Mott-Gurney equation (Child’s law) has been widely applied to
measure the mobility. [1, 2] When the carrier injection into organic carrier transport layers is
sufficiently fast, the carrier transport is limited by the space charge accumulated at the injected
side. The Mott-Gurney equation was derived by approximately solving the drift-diffusion equa-
tion coupled with Poisson’s equation under the space charge limited condition. The coupled
non-linear equations were solved by ignoring diffusive currents. However, the injected carriers
may accumulate at the interface and they give rise to the diffusive currents flowing into the
counter electrode for thin charge transport layers.
Historically, the effect of diffusion on the Mott-Gurney equation was studied for highly re-
sistive inorganic semiconductors. [3–6] The effect of the carrier diffusion on the space-charge
limited currents was studied by solving approximately the drift-diffusion equation coupled with
Poisson’s equation. [3, 4] The approximate analytical solution improved the Mott-Gurney equa-
tion as the voltage was decreased. The equation, however, was complicated. [3] The boundary
between the resistive semiconductor and the counter electrode was regarded as blocking con-
tact. [3, 4] It was also shown that the effect of diffusion on the Mott-Gurney equation is not
influenced by the nature of the blocking electrode. [3] In early works, the formal solutions
of the drift-diffusion equation coupled with Poisson’s equation were expressed in terms of the
Bessel functions. [3, 7] They were also expressed using Airy functions. [4, 5] Although Airy
functions can be equivalently expressed by the Bessel functions, different kinds of the Bessel
functions should be used depending on the direction of electric field. In this sense, the boundary
conditions can be set easier by using the Airy functions. Using the boundary conditions, the
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non-linear equations to determine the integration constants were obtained. Even though Airy
functions were used, the resultant equations were very complicated and hard to solve analyt-
ically. [3, 7] Various approximations were introduced to obtain the current-voltage relations.
[3, 4] Recently, a simple analytical model is proposed instead of solving non-linear equations for
the integration constants to obtain a current-voltage relation at low voltages. [8] Indeed, the
current-voltage relation is largely affected by the boundary conditions at low voltages compared
to that at high voltages.
There has been revived interest on the exact solutions of the drift-diffusion equation coupled
with Poisson’s equation expressed using Airy functions. [9–11] Airy functions were applied
to solve numerically the expressions describing charge injection at boundaries and transport
in insulating medium in a self-consistent manner. [9–11] In the self-consistent approach, the
boundary conditions were given for both the injection over the barrier at low voltages and the
formation of space charge at high voltages.
In this paper, we study analytically the non-linear equations derived from the boundary
conditions. The non-linear equations obtained from the boundary conditions were solved ap-
proximately in the space-charge limit. By systematically investigating the boundary conditions
for the space-charge, we obtained the approximate solution of the nonlinear drift-diffusion
equation coupled with Poisson’s equation. The space charge accumulated in the vicinity of the
injection electrode gives rise to the electric field directing opposite to the current flow at the
injection interface due to repulsive interaction among space charges. [12] The electric field at
the counter electrode is in the direction of the current flow and the virtual electrode can be
defined for the plane where the electric field is zero. [12] We obtained analytical expressions
characterizing length of space charge accumulation, electrostatic potential and electric fields
inside the carrier transport layers.
A simple approximate equation expressing the current-voltage relation was derived and
tested against the numerical exact results and experimental results. The approximate ex-
pression generalized the Mott-Gurney equation by taking into account the diffusion effect.
Compared to the previous current-voltage relation taking into account the diffusion effect, [3]
our expression is simpler and reproduces the numerical results for wide range of the variation
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in voltage. By using the analytical results, we show that the diffusion effect is different from
Ohm’s law although the currents can be phenomenologically fitted by assuming linear voltage-
dependence. The deviation of the current-voltage relation from the Mott-Gurney relation can
be interpreted as the diffusion effect to move the virtual electrode toward the counter electrode
as the drift current is decreased. Although the diffusion effect was suggested, [12] we are able
to examine it rigorously using analytical results.
In Sec. II, the diffusion effect on the current-voltage relation is formulated. The method
to calculate the space charge limited current is introduced in Sec. III. The space charge is
characterized in Sec. IV. In Sec. V, theoretical results are applied to analyze experimental
results. Summary and discussion are given in Sec. VI. In the appendix A, derivation of ana-
lytical solution of the drift-diffusion equation coupled with Poisson’s equation is summarized.
A method to determine the integration constants is given in the Appendix B. The solution
when the virtual electrode is equal to the injection interface is given in the Appendix C for
comparison.
II. EFFECT OF DIFFUSION ON THE SPACE-CHARGE-LIMITED CURRENT
We consider the case that the charge transport layer is sandwiched between the two electrode.
The electric field is applied in the direction perpendicular to the surface of the electrode. By
using the x-coordinate parallel to the direction of the electric fields, we express that positive
carriers are injected at x = 0 and absorbed at x = L. Our interest is a steady state current J .
The carrier concentration n(x) obeys one-dimensional drift-diffusion equation given by,
J = −D
[
∂
∂x
n(x)− eE(x)
kBT
n(x)
]
, (1)
where e denotes the charge of the carriers, E(x) denotes the electric field, and D is the dif-
fusion coefficient of carriers. kB and T represent the Boltzmann constant and temperature,
respectively. The diffusion coefficient can be expressed in terms of the mobility µ by using the
Einstein relation D = µkBT . The electrical mobility is given by eµ.
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The electric field obeys Gauss’s law,
ǫǫ0
∂
∂x
E(x) = en(x), (2)
where ǫ is the relative dielectric constant of the carrier transport layer and ǫ0 is the vacuum
permittivity. When n(x) is determined from Eq. (1), E(x) can be determined from Eq. (2).
On the other hand, Eq. (1) can be solved once E(x) is determined. In the below, n(x) and
E(x) are determined in a self-consistent way to satisfy both Eqs. (1) and (2) simultaneously.
By substituting Eq. (2) into Eq. (1), we obtain a closed equation for E(x),
−eJ = ǫǫ0D ∂
∂x
[
∂
∂x
E(x)− e
2kBT
E2(x)
]
. (3)
Integration of Eq. (3) yields,
−eJ(x + LCE) = ǫǫ0D
[
∂
∂x
E(x)− e
2kBT
E2(x)
]
, (4)
where CE is a constant of integration. The solution is given in terms of a pair of linearly
independent solution of the Airy equation, Bi(z) and Ai(z), [13] and their derivatives as ([4, 5]
see the Appendix A.)
E(x) = −2kBT
e
(
2πJrc
D
)1/3
Bi′(z) + CB Ai
′(z)
Bi(z) + CB Ai(z)
, (5)
where z is given by,
z = zL
(x
L
+ CE
)
, (6)
zL denotes the dimensionless parameter characterizing the space charge expressed by
zL ≡
(
2πJrc
D
)1/3
L, (7)
the Onsager length (Coulomb radius) of the hole transport layer is given by
rc =
e2
4πǫǫ0kBT
, (8)
and CB is a constant of integration.
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By combining Eqs. (2) and (4), the carrier density can be expressed as
n(x) =
ǫǫ0
2kBT
E2(x)− J
D
L
(x
L
+ CE
)
, (9)
where E(x) is given by Eq. (5). Equation (9) is useful to express the boundary conditions
given by n(x) in terms of E(x). The constants of integration, CB and CE, can be determined
from the boundary conditions. The quasi-Fermi energy φf (x) can be defined using n(x) as
n(x) ∼ exp [−φf (x)/(kBT )]. From Eq. (9), the quasi-Fermi energy is expressed using E(x)
given by Eq. (5) as,
φf(x) = −kBT ln
[
ǫǫ0
2kBT
E2(x)− J
D
L
(x
L
+ CE
)]
. (10)
The applied voltage affects the electrostatic potential φ(x) satisfying E = −∂φ(x)/(∂x). By
integration, the potential can be expressed as
φ(x) = 2
kBT
e
ln |Bi(z) + CB Ai(z)| (11)
apart from a constant. The applied voltage is related to the potential difference at the both
boundaries, V = φ(0)− φ(L) and can be written as
V = 2
kBT
e
ln
∣∣∣∣ Bi(zLCE) + CB Ai(zLCE)Bi [zL(1 + CE)] + CB Ai [zL(1 + CE)]
∣∣∣∣ . (12)
III. SPACE CHARGE LIMITED CURRENT
The voltage given by Eq. (12) is related to the current through zL defined by Eq. (6). The
relation between the current and voltage is non-linear and can vary according to the values of
the integration constants, CE and CB. The distribution of carriers and the profile of electric
fields are nonlinear function of the distance from the carrier injection contact interface. The
integration constants, CE and CB, can be obtained from the boundary conditions set at the
injection and collection contact interfaces. In order to consider the boundary conditions, it is
convenient to introduce the dimensionless density given by n¯(X) ≡ n(x)4πrcL2 with X = x/L
and express Eq. (9) in terms of z = zL(X + CE) as
n¯(X)
2z2L
= −zL (X + CE) +
(
Bi′(z) + Ai′(z)CB
Bi(z) + Ai(z)CB
)2
, (13)
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where Jdl = 2z
3
L and zL = [2πJrc/D]
1/3 L are used. We also introduce the quantity proportional
to the dimensionless electric field defined by E¯ = eE(x)L/(kBT ),
f(z) = − E¯
2zL
=
Bi′(z) + Ai′(z)CB
Bi(z) + Ai(z)CB
. (14)
By setting the boundary conditions on n¯(0) and n¯(1), the integration constants can be deter-
mined through f(z0) and f(z1), where z0 and z1 are given in terms of zL defined by Eq. (7)
as
z0 = zLCE and z1 = zL (1 + CE) . (15)
We assume the limit of fast injection from the electrode to the carrier transport layer. As a
result, carriers are accumulated in the carrier transport layer by the injection from the electrode
and the contact can be regarded as a charge reservoir for the carrier transport layer. [14] The
excess mobile carriers is referred to as the space charge. The electric field is reduced to zero
to resolve the carrier accumulation by the mobile carriers. [14] The forward bias of the electric
field applies to carriers when the distance from the injection interface is larger than that of
the location where the electric field becomes zero. In this sense, the location where the electric
field becomes zero can be regarded as the virtual electrode. [12] In this section, we consider
the case that the virtual electrode presents in the carrier transport layer. The situation can be
stated that f(z) crosses the z-axis at some point between z0 and z1. For positive carriers the
electric field at the collection interface is positive. The electric field changes sign by decreasing
the distance from the injection interface. The electric field at the injection interface is assumed
to be negative. Corresponding to the change in the sign of the electric fields and according to
Eq. (14), f(z) is negative when z = z1 and positive when z = z0.
In the limit of fast injection from the electrode to the carrier transport layer, we set the
boundary condition at the injection interface as,
n(0) = n0, (16)
where n0 is the carrier site density which could be occupied by injected carriers. By introducing
the typical value, n0 = 4.0× 1025 [m−3], the dimensionless density at the interface is estimated
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as n¯(0) = 4πn0rcL
2 = 8.2 × 104 when the thickness of the carrier transport layer is L = 100
[nm] and ǫ = 3.5. n¯(0) = 4πn0rcL
2 = 8.2 × 106 is estimated when L = 1 [µm]. From the
boundary condition and using Eq. (13), we obtain,√
n¯(0)
2z2L
+ z0 = f(z0), (17)
where f(z) and z0 are given by Eqs. (14)-(15), respectively.
When the electric field becomes zero between the injection interface and the counter elec-
trode, the current is limited by the flow of the accumulated carriers from the virtual electrode.
In this case, CB ≫ 1 is satisfied and CE is approximately given by
CE ≈ 1
zL
(
a1 +
1√
n¯(0)/(2z2L) + a1
)
. (18)
(see the Appendix B for the determination of integration constants).
The distance x† of the virtual electrode from the injection interface can be approximately
found from, Ai′[zL(X
†+CE)] where X
† = x†/L denotes the dimensionless distance of the virtual
electrode from the injection interface. By denoting the first zero of Ai′(z) on the negative z-
axis by a′(1), we obtain, zL(X
† + CE) = a
′
1 = −1.018 · · · . By introducing Eq. (18), X† can be
expressed as,
X† ≈ 1
zL
(
−a1 + a′1 −
1√
n¯(0)/(2z2L) + a1
)
. (19)
In the limit of n¯(0)/(2z2L) ≥ 100, which can be satisfied in the space charge limit, the location
of the virtual electrode can be approximately given by X† ≈ 1/zL and
x† =
(
D
2πJrc
)1/3
. (20)
The location of the virtual electrode decreases by increasing the current obeying the power law
with the exponent −1/3. The exponent was pointed out previously. [3].
By taking the limit of CB →∞, Eq. (12) simplifies into,
V = 2
kBT
e
ln
∣∣∣∣ Ai(zLCE)Ai [zL(CE + 1)]
∣∣∣∣ . (21)
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By substituting CE approximated by Eq. (18) into Eq. (21), V is obtained as a function of
zL expressed in terms of the current by Eq. (7). The relation between the current and voltage
given in terms of the Airy function can be further simplified. By noting that zLCE is close to
the first zero of Ai(z) as shown by Eq. (18), we expand Ai(z) around a1,
Ai(zLCE) = Ai
′(a1)
1√
n¯(0)/(2z2L) + a1
. (22)
By substituting Eq. (22) and introducing [13]
Ai(z) ∼ exp
(−(2/3)z3/2)
2
√
πz1/4
, (23)
obtained by taking the limit of z ≫ 1, Eq. (21) can be written using Eq. (18) as,
V ≈ kBT
e
[
4
3
z
3/2
L + 2
(
a1 +
1√
n¯(0)/(2z2L) + a1
)
√
zL + ln
(
4π
√
zLAi
′(a1)
2
a1 + n¯(0)/(2z
2
L)
)]
, (24)
where a1 = −2.34 · · · is the first zero of Ai(z) from the origin on the negative axis.
Except for the logarithmic term, the leading terms can be rewritten as
V ≈ 2
3
(
2I
ǫǫ0eµ
)1/2
L3/2 + 2
(
a1 +
1√
n¯(0)/(2z2L) + a1
)(
kBT
e
)2/3(
I
2ǫǫ0eµ
)1/6
L1/2, (25)
where the electric current density is denoted by I = eJ , eµ is the electrical mobility, and the
mobility µ is introduced by using the Einstein relation D = µkBT . Retaining only the first
term on the right-hand side yields the Mott–Gurney equation (Child’s law) given by [2]
I =
9
8
eµǫǫ0
V 2
L3
. (26)
When n¯(0)/(2z2L) >> |a1|, Eq. (25) can be approximated as,
V ≈ 2
3
(
2I
ǫǫ0eµ
)1/2
L3/2 − 4.68
(
kBT
e
)2/3(
I
2ǫǫ0eµ
)1/6
L1/2, (27)
where a1 = −2.34 is substituted. The first term leading to the Mott-Gurney equation (Child’s
law) is given in terms of the mobility while the second term depends on the diffusion coefficient
besides the mobility by introducing kBT = D/µ. In this sense, the second term represents the
diffusion effect on the Mott-Gurney equation.
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Equation (27) is independent of the boundary condition at the counter electrode. The reason
is the following. As shown in the Appendix B, the integration constant CE is insensitive to
the boundary condition at the counter electrode if CB ≫ 1, while the integration constant
CB is essentially determined by both boundary conditions, i.e. the boundary condition at
the injection interface and that at the counter electrode. By using reasonable values of the
dimensionless extraction rate denoted by k¯e and (or) the carrier concentration n(L), we show
CB ≫ 1 in the Appendix B and it will be verified using Fig. 6 when 2z3L ≥ 100. (see also Ref.
[3] and the discussion following Eq. (35))
In Fig. 1, we compare the results of approximate analytical expressions to the numerically
exact I-V characteristics. The exact I-V characteristics was obtained from numerically evalu-
ating Eqs. (17) and (B.5) by the Newton methods using the seeds for the integration constants
obtained from Eqs. (18) and (B.6). The numerical calculations were performed using Mathe-
matica. [15] We have used n¯(0) = 8.2 × 104. Essentially the same results can be found when
n¯(0) = 8.2× 102 (not shown).
In Fig. 1, the dash-dot line indicates the fit by assuming a linear voltage dependence using
the numerical results of k¯e = 0.1 below eV/(kBT ) = 100. The obtained fitting function is given
by 2z3L ≈ 96eV/(kBT ). The onset voltage characterizing the deviation from the Mott-Gurney
equation by the diffusion effect at low voltage can be read from Fig. 1 as eV/(kBT ) = 80; the
corresponding voltage is below 2.0 [V]. The fitting is phenomenological and the actual diffusion
effect is given by the second term in Eq. (27). As shown in Fig. 1, Eq. (27) captures the
diffusion effect regardless of the boundary condition at the counter electrode.
IV. CHARACTERIZATION OF SPACE CHARGE
When the space-charge is formed by the injection of carriers, the electrostatic potential
increases by the accumulated carriers. The location of the maximum potential roughly indicates
the region where the accumulated carriers are started to flow driven by the electric field. The
electrostatic potential φ(x) normalized by the absolute maximum value is shown as a function
of X = x/L for n¯(0) = 8.2×104 in Fig. 2. The location of the potential maximum shifts to the
10
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FIG. 1: (Color online) Dimensionless current 4piIrcL
3/(eµkBT ) as a function of dimensionless voltage
eV/(kBT ) for n¯(0) = 8.2 × 104. The crosses, (red) squares, triangles represent k¯e = 1, 0.1, and 0.01
obtained from Eq. (12) by numerically evaluating the boundary conditions, Eqs. (17) and (B.5) (see
the text). The circles represent the results of n(L) = 0. The thick solid line and (red) dashed line
represent the results of Eq. (27), and the Mott–Gurney equation, Eq. (26), respectively. The (red)
dash-dot line indicates the fit by assuming a linear voltage dependence.
left by increasing the currents as it will be shown in Fig. 5. By using Eq. (18) and |CB| ≫ 1,
Eq. (11) can be approximated as,
φ(x) = 2
kBT
e
ln
∣∣∣∣∣Ai
[(
2πJrc
D
)1/3
x+ a1
]∣∣∣∣∣ , (28)
where a1 = −2.34 · · · is the first zero of Ai(z) and rc is the Onsager length given by Eq. (8).
The overall potential can be well approximated by Eq. (28) except in the vicinity of the counter
electrode.
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FIG. 2: (Color online) Potential φ(x) normalized by the absolute maximum value as a function of the
normalized distance from the injection interface denoted by X = x/L for n¯(0) = 8.2× 104. The upper
(black) dots represent zL = 5 and k¯e = 0.1. The upper (black) line denotes zL = 5 and k¯e = 1.0.
The circles indicate the results of Eq. (28) for zL = 5. The lower (red) dots represent zL = 40 and
k¯e = 0.1. The lower (red) line denotes zL = 40 and k¯e = 1.0. The (red) diamonds indicate the results
of Eq. (28) for zL = 40.
The electric fields as a function of the distance from the injection interface are shown in
Fig. 3. The direction of the electric fields in the vicinity of the injection interface is opposite
to that of carrier flow. The virtual electrode can be defined at the distance when the electric
fields become zero. [12] The drift carrier flow to the counter electrode occurs from the virtual
electrode where the electric fields are zero. [12] The drift flow to the counter electrode is
supplied by the carriers accumulated between the virtual electrode and the injection interface.
Carriers accumulated between the injection interface and the virtual electrode can be regarded
12
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FIG. 3: (Color online) Dimensionless electric fields eEL/(kBT ) as a function of the normalized distance
from the injection interface denoted by X = x/L for n¯(0) = 8.2×104. The lower (black) dots represent
zL = 5 and k¯e = 0.1. The lower (black) line denotes zL = 5 and k¯e = 1.0. The circles indicate the
results of Eq. (29) for zL = 5. The upper (red) dots represent zL = 40 and k¯e = 0.1. The upper (red)
line denotes zL = 40 and k¯e = 1.0. The (red) diamonds indicate the results of Eq. (29) for zL = 40.
The dotted line denotes the line of E = 0.
as a carrier reservoir for the current flow to the counter electrode.
The electric fields are non-linear function of the distance from the injection interface and the
increasing rates decrease by increasing the distance. The nonlinear growth of the electric fields
is caused by the inhomogeneous carrier distribution by the accumulated carriers. The distance
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dependence is approximately expressed using the same approximation leading to Eq. (28) as
E(x) = −2kBT
e
(
2πJrc
D
)1/3 Ai′ [(2πJrc/D)1/3 x+ a1]
Ai
[
(2πJrc/D)
1/3 x+ a1
] . (29)
When the extraction rate is decreased from k¯e = 1.0 to k¯e = 0.1 by keeping zL = 5 unaltered,
the electric fields in the vicinity of the counter electrode are changed as shown in Fig. 3. The
region affected by the extraction rate is localized in the vicinity of the counter electrode. The
electric fields in the other regions are not affected by k¯e. In addition, if the carrier distribution
except the vicinity of the counter electrode is not affected by k¯e, the currents are not affected
by k¯e.
The carrier distribution and the resultant quasi-Fermi energy φf(x) defined using n(x) as
n(x) ∼ exp [−φf (x)/(kBT )] are shown in Fig. 4. The quasi-Fermi energy is not homogeneous
and reflects the carrier accumulation by the carrier injection. When the extraction rate is
decreased from k¯e = 1.0 to k¯e = 0.1, the quasi-Fermi energy is affected only in the vicinity of
the counter electrode. The other region can be well approximated by the quasi-Fermi energy
obtained using,
n(x) = − J
D
x+
(
J2
2πrcD2
)1/3
−a1 +
Ai′
[
(2πJrc/D)
1/3 x+ a1
]
Ai
[
(2πJrc/D)
1/3 x+ a1
]

 . (30)
The location of the virtual electrode shifts according to the strength of currents as shown in
Fig. 5. The virtual electrode moves toward the counter electrode by decreasing the currents.
In Fig. 5, we show the location of the virtual electrode determined numerically from f(z) = 0
using Eq. (14). [12] We also calculated X† from zL(X
†+CE) = a
′
1 and found that the difference
is negligibly small. The dashed line in Fig. 5 a) represents the results of
X† ≈ 1
zL
(−a1 + a′1) ≈
1.32
zL
. (31)
Equation (31) can be expressed as,
x† ≈ 1.32
(
D
2πJrc
)1/3
. (32)
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FIG. 4: (Color online) Quasi-Fermi energy (arbitrary unit) as a function of the normalized distance
from the injection interface denoted by X = x/L for n¯(0) = 8.2×104. The right axis is the normalized
carrier density as a function of X. The upper (black) dots represent zL = 5 and k¯e = 0.1. The upper
(black) line denotes zL = 5 and k¯e = 1.0. The circles indicate the approximate expression (see the
text) for zL = 5. The lower (red) dots represent zL = 40 and k¯e = 0.1. The lower (red) line denotes
zL = 40 and k¯e = 1.0. The (red) diamonds indicate the approximate expression for zL = 40 (see the
text). The dashed line denotes the carrier density for zL = 5 and k¯e = 0.1.
By assuming the Mott-Gurney equation, Eq. (26), Eq. (31) can be rewritten as,
X† ≈
(
2
kBT
eV
)2/3
. (33)
The results of Eq. (33) are shown as (red) dashed line in Fig. 5 b). As shown in the figure, the
results overestimate the numerical results in particular when eV/(kBT ) is smaller than 80. The
large deviation originates from the diffusion effect on the Mott-Gurney equation. According to
Fig. 5, the Mott-Gurney equation is applicable when the voltage is large enough so that the
distance of the virtual electrode from the injection interface is within 10 % of the total width of
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FIG. 5: (Color online) X† = x†/L as a function of a) dimensionless current 4piIrcL
3/(eµkBT ) and b)
dimensionless voltage eV/(kBT ) for n¯(0) = 8.2 × 104. The crosses and (red) dots represent k¯e = 1.0
and 0.1. The circles represent the results of n(L) = 0. The thin solid line represent X† approximately
calculated from zL(X
†+CE) = a
′
1 when n(L) = 0. The (red) dashed lines in the left and right figures
represent the results of Eq. (31), and Eq. (33), respectively.
the carrier transport layer. Even when the voltage is low, the location of the virtual electrode
given by Eq. (32) takes into account the diffusion effect and reproduces that obtained using
the exact numerical calculation.
In Fig. 6, we show −CE and −CB as a function of 2z3L for n¯(0) = 8.2×104 and k¯e = 0.1. We
note that −CB ≫ 1 is satisfied and −CB increases rapidly as 2z3L increases. Using Eq. (18) and
n¯(0)≫ 2a1z2L, we obtain CE ∼ a1/zL. The line of CE ∼ a1/zL is close to the numerical results
of CE . The approximate current-voltage relation, Eq. (27), was derived under the condition
of |CB| ≫ 1. The condition is satisfied when 2z3L > 100 as shown in Fig. 6. The condition
is consistent with the results shown in Fig. 1; equation (27) reproduces the exact numerical
results when eV/(kBT ) ≥ 5 and 2z3L ≥ 500.
As shown in the Appendix C, the current-voltage relation obeys the Mott-Gurney equation
to the low voltage given by kBT/e = 0.026 [V] if the boundary condition at the injection
interface is given by E(0) = 0; the boundary condition indicates that the virtual electrode is
equal to the injection interface. The boundary condition is unrealistic at low voltages where
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FIG. 6: (Color online) −CE and −CB as a function of 2z3L for n¯(0) = 8.2 × 104 and k¯e = 0.1. The
thick solid line represents −CE . The red dots represent −CB. The (red) dashed line represents the
result of CE ∼ a1/zL.
the virtual electrode is moved away from the injection interface. In Fig. 1, the deviation from
the Mott-Gurney equation occurs at low voltages below the onset voltage. The onset voltage
is much higher than kBT/e = 0.026 [V] and the deviation correlates with the diffusion effect
to move the virtual electrode toward the counter electrode as shown in Fig. 2. In Eq. (27),
the second term appeared by using the integration constant CE obtained from Eq. (18). The
integration constant CE is determined from the boundary condition at the injection interface
and is related to the formation of accumulated charges.
In Eqs. (9)-(11), the positional dependence is given in terms of zLx/L alone. The rapid
changes in the density in the vicinity of either electrode shown in Fig. 4 can be characterized
by L/zL. By defining the region of the charge accumulation for x/L as 1/zL, we obtain 0.2
and 0.025 for zL = 5 and 40, respectively. As shown in Fig. 4, the charge accumulation length
is consistent with the profile of the quasi-Fermi energy obtained from the density profile. The
charge accumulation length also characterizes the location of the virtual electrode given by Eq.
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(31). The charge accumulation length, ℓca can be defined as
ℓca =
L
zL
=
(
eµkBT
2πIrc
)1/3
=
(
2µǫǫ0
Ie
)1/3
(kBT )
2/3 , (34)
in the dimension form. The charge accumulation length scales with (µ/I)1/3. When the mobility
is not altered, the accumulation length decreases by increasing the current density. For the same
current density, the accumulation length increases according to a power law with the exponent
1/3 as the mobility increases.
V. COMPARISON WITH EXPERIMENTS
The space-charge limited currents in organic thin films were measured for a wide range
of voltage to study layer thickness and temperature dependence in Au/alpha-conjugated sex-
ithienyl/Au sandwich structures in Ref. [16]. The currents were proportional to the square of
voltage as obtained from the Mott-Gurney equation at high voltages. By fitting the low voltage
currents by assuming a linear voltage dependence, the conductivity was found to depend on
the layer thickness in thin layers less than 2 µm. The conductivity of thick layers were found
to be independent of layer thickness and we will not analyze the sample thicker than 2 µm.
In experiments, there may be traps in the samples. Unfortunately, our analytical approach
can be applied only when traps are shallow. When shallow trap states present and the traps
are locally equilibrated with the free charge whose density is given by nf(x), the above results
should be modified by introducing the substitution, µ → µθ, where θ = nf(x)/n(x). the total
density n(x) is the sum of nf (x) to the trapped carrier density. In the below, the mobility may
include the factor θ.
In the conventional method, the current is expressed as a function of voltage to analyze
experimental data using the Mott-Gurney equation. In order to analyze experimental data
using the approximate current-voltage relation given by Eq. (27), it is more convenient to
express voltage as a function of current as shown in Fig. 7. In the figure, the experimental
data of Au/α-sexithienyl/Au structures are presented in this way. The values of mobility
obtained by fitting to Eq. (27) were 0.0078 (0.012) [cm2/(Vs)], 0.015 (0.013) [cm2/(Vs)], 0.025
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FIG. 7: The current-voltage relation of Au/α-sexithienyl/Au structures. The circles, triangles, and
crosses denote the thickness of the organic layers and are 0.39 [µm] , 0.95 [µm], and 1.8 [µm], respec-
tively. The lines indicate the fit by Eq. (27) for the given thickness of the organic layer.
(0.027) [cm2/(Vs)] for the sample thickness of 0.39 [µm], 0.95 [µm], and 1.8 [µm], respectively.
The values were close to those in the parenthesis obtained using the Mott-Gurney equation
at high voltages in ref. [16]. We also tried to fit the experimental data by regarding the
sample thickness as a free parameter. The lines obtained from the fit overlapped with those
in Fig. 7. Both the mobility and the sample thickness were close to those measured. For
example, we obtained 0.0096 (0.012) [cm2/(Vs)] and the sample thickness 4.1 [µm] for the data
of sample thickness 0.39 [µm]. These results suggest the validity of Eq. (27) for analyzing the
space-charge limited currents. When the current-voltage relation was analyzed by using the
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Mott-Gurney equation, the reliable results were obtained by examining thickness dependent of
the current given by I ∝ 1/L3 in addition to the current-voltage relation given by I ∝ V 2.
The procedure requires preparation of samples with various thickness keeping the mobility
unaltered. In contrast, suppose that the current-voltage relation measured for wide range of
voltage can be fitted using Eq. (27). If the mobility is consistent with that obtained using
the Mott-Gurney equation at high voltages, and the layer thickness is consistent with that
directly measured, the measured currents can be interpreted as space charge limited. By using
Eq. (27), the current-voltage relation can be regarded as space-charge limited currents without
examining layer thickness dependence.
In ref. [16], the intercept voltage where the linear relation crossed the quadratic relation
was independent of the thickness of the transport layers for thin layers. The intercept voltage
divided by kBT was almost independent of temperature for temperature above 240 [K]. These
results are again consistent with those in Fig. 1.
VI. SUMMARY AND DISCUSSION
We examined the effect of diffusive currents under the space charge limited condition. The
Mott-Gurney equation is applicable at high voltages above the onset voltage. The current
can be fitted by assuming a linear voltage dependence below the onset voltage. The onset
voltage is around 2.0 [V] given by eV/(kBT ) = 80 and is independent of the mobility and
thickness of carrier transport layers. Although the current can be phenomenologically fitted by
a linear voltage dependence below the onset voltage, the actual dependence is very complicated
and should be distinguished from Ohm’s law. We obtained an approximate equation which is
applicable for voltages satisfying eV/(kBT ) > 5. The approximate expression given by Eq. (27)
reduces to the Mott-Gurney equation at high voltages. Equation (27) approximate the exact
numerical current-voltage relation below the onset voltage and is applicable above the limit
of low voltage around 0.1 [V]. By analyzing experimental results in ref. [16] using Eq. (27),
both the mobility and the layer thickness were simultaneously obtained and the values were
consistent with those directly measured in ref. [16] for thin layers.
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Under the space charge condition, carriers are accumulated at the injection side and form
the virtual electrode characterized by the extremum in the electrostatic potential as shown in
Fig. 2. The direction of current flow and that of electric field coincide in the region between
the virtual electrode and the counter electrode. The Mott-Gurney equation is valid when the
current is large enough so that the virtual electrode is close to the injection interface. As the
virtual electrode moves toward the counter electrode by the diffusion effect to homogenize the
carrier distribution, the current-voltage relation deviates from the Mott-Gurney equation.
Previously, the effect of diffusion on the space charge limited currents was investigated by
using the formally exact solutions of the drift-diffusion equation given by Eq. (1). [3, 4] In
ref. [3], the reduction of the effective thickness by the factor given by 3/(21/3zL) was suggested.
The reduction was attributed to the formation of the virtual electrode where carriers flow from
the space charge reservoir. In this paper, the location of the virtual electrode is approximately
given by Eq. (31). Although there is a difference in the numerical factor, both results are
essentially equivalent and share the same scaling law that the factor expressing the reduction
of the effective thickness scales with [D/(4πJrc)]
1/3.
Even though the exact solutions were obtained, the nonlinear equations to determine the
integration constants were hard to solve analytically. [3, 4] The nonlinear equations were ob-
tained from boundary conditions. [3, 4] The boundary conditions were evaluated approximately
in the article by Wright. [3] The approximation given by Eq. (39) in ref. [3] can be shown to be
essentially equal to CE ≈ a1/zL obtained from Eq. (18) by noticing |a1|21/3 = 2.946. Strictly
speaking, the boundary condition at the counter electrode in this paper is different from that of
ref. [3]. But we share the conclusion that if the approximate boundary condition expressed by
CE ≈ a1/zL is applicable, the current -voltage relation is independent of the boundary condition
at the counter electrode. Some additional arguments will be given later. It should be reminded
that the approximate values of the integration constants are used as the seeds for evaluating
the numerically exact values in this paper. Moreover, the approximate expression including
the diffusion effect is obtained in Eq. (27). This expression is simpler than the approximate
expression given by Eq. (43) of ref. [3] and is tested against the numerically exact results.
In general, the boundary condition at the counter electrode can be expressed as, J =
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ke (n(L)− nBC(L)) . By using the boundary condition and Eq. (13), Eq. (B.5) can be gener-
alized as,
−
√
zL
k¯e
+
2πnBC(L)rcL2
z2L
+ z1 = f(z1). (35)
When zL/k¯e + 2πnBC(L)rcL
2/z2L is larger than |a1| = 2.34 · · · , we can show that the
discussion considered in analyzing Eq. (B.6) holds by using yik and Eq. (B.7) where
zL/k¯e+2πnBC(L)rcL
2/z2L is replaced for zL/k¯e. Even by including nBC(L), |CB| ≫ 1 is satisfied
when z1 ≥ 1. In this case, CB ≫ 1 is satisfied and CE is approximately given by Eq. (18). All
the results obtained by taking the limit of CB ≫ 1 are not altered. The carrier accumulation
length given by Eq. (34) and the location of the virtual electrode denoted by x† are not affected
by including nBC(L). Under the general boundary condition, we still obtain the current-voltage
relation, the electrostatic potential, the electric field, the carrier density, given by Eqs. (27),
(28), (29) and Eq. (30).
The boundary condition of CE ≈ a1/zL is later reconsidered in ref. [4]. In ref. [4], Airy
functions of real argument were used as fundamental solutions of one-dimensional drift-diffusion
equation while Bessel functions were used in ref. [3]. Since different kinds of Bessel functions
were needed at the injection interface and at the boundary of the counter electrode, Airy
functions are simpler to set boundary conditions although Airy functions can be equivalently
expressed by using the Bessel functions. [3, 7] As far as we studied using Airy functions, the
boundary condition given by CE ≈ a1/zL studied in ref. [3] may be appropriate for wide range
of the currents in contrast to the criticism raised in ref. [4]. The condition given by Eq. (12)
of ref. [4] equals to setting the boundary condition E¯(z0) = 0 at the injection interface X = 0.
The z-value satisfying E¯(z) = 0 is the location of the virtual electrode. The approximation of
E¯(z0) = 0 used in ref. [4] corresponds to set the location of the virtual electrode being equal
to the injection interface. The approximation becomes worse as the current decreases.
One-dimensional drift-diffusion equation was also solved numerically. In ref. [6], it was
shown that the Mott-Gurney equation (Child’s law) accurately reproduced the numerical results
of current-voltage relation above 5 V. The result and the shape of current-voltage relation
are consistent with that shown in Fig. 1. At low voltages the current-voltage relation is
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approximately represented by a linear relation in Fig. 1 but the current in the intermediate
voltage regime is different from both linear and quadratic voltage dependence as observed
experimentally. [16] By using analytical approach, we obtain an approximate current-voltage
relation given by Eq. (27). The approximate current-voltage relation is applicable even in the
intermediate voltage regime.
Appendix A. Derivation of Airy function solutions to Eqs. (2)-(3)
In order to solve Eq. (3), it is convenient to introduce dimensionless variables, X ≡ x/L,
E¯ = eE(x)L/(kBT ), and the dimensionless flux given by
Jdl = 4πL
3rc
J
D
= 2z3L, (A.1)
where rc = e
2/(4πǫǫ0kBT ) is the Onsager length (Coulomb radius). The dimensionless flux, Jdl
, is related to the dimensionless parameter characterizing the space charge denoted by zL in
Eq. (7). Equation (3) can be expressed as,
Jdl =
∂
∂X
[
− ∂
∂X
E¯(X) +
1
2
E¯2(X)
]
. (A.2)
By integrating Eq. (A.2), we find,
Jdl (X + CE) = − ∂
∂X
E¯(X) +
1
2
E¯2(X), (A.3)
where CE is a constant to be determined by the boundary condition.
By introducing B(X) = −1/E¯(X), Eq. (A.3) can be expressed as,
Jdl (X + CE)B(X)
2 = − ∂
∂X
B(X) +
1
2
. (A.4)
By further introducing a new variable given by,
z =
(
Jdl
2
)1/3
(X + CE) , (A.5)
and transformation,
D(X) = 2
(
Jdl
2
)1/3
B (X) , (A.6)
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Eq. (A.4) can be simplified as,
∂D
∂z
= −D2z + 1. (A.7)
The solution is given by,
D(X) =
hA(z)
hA(z)′
, (A.8)
where hA(z) obeys the Airy equation, [13]
∂2hA(z)
∂z2
− zhA(z) = 0, (A.9)
and hA(z)
′ denotes the derivative of hA(z) with respect to z. Using a pair of linearly independent
solution of the Airy equation, Bi(z) and Ai(z), [13] h(X) can be expressed as,
h(X) = Bi(z) + Ai(z)CB. (A.10)
E¯(X) can be expressed using Eq. (A.8) and Eq. (A.10) as, [4, 5]
E¯(X) = −2zLBi
′(z) + Ai′(z)CB
Bi(z) + Ai(z)CB
, (A.11)
where 22/3J
1/3
dl = 2zL is used and CB is a constant. Bi
′(z) and Ai′(z) denote the derivative
of Bi(z) and Ai(z) with respect to z, respectively. Equation (5) is obtained by rewriting Eq.
(A.11). z in Eq. (6) is obtained by rewriting Eq. (A.5) using Eq. (A.1).
Appendix B. Determination of integration constants in Airy functions
In Fig. 8, f(z) in Eq. (14) is shown for various values of CB. f(z) exhibits almost periodic
divergent behavior when z is negative. The divergence is given by the zero of the denominator
of f(z), Bi(z)+Ai(z)CB . When CB =
√
3, f(z) touches the x-axis at z = 0 and never becomes
negative for z > 0. When CB >
√
3, f(z) crosses zero and is negative at z = 0 and in a region
of z > 0 as shown in Fig. 8 a). As explained below Eq. (15), f(z) should be negative at z = z1
and positive at z = z0 and the difference between z1 and z0 is zL. zL defined by Eq. (7) is
proportional to the current density. When z is smaller than the first zero of f(z) on the negative
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z-axis, f(z) crosses zero almost periodically in the middle regions of the sequence of divergent
points. Obviously, the large difference between z1 and z0 is not possible if f(z) is periodic. The
large difference between z1 and z0 can be taken for the z values larger than the first zero of
f(z) on the negative z-axis. We consider f(z) in this region when CB ≥
√
3. Similarly, when
CB <
√
3, the large difference between z1 and z0 can be taken for the z values between the
largest divergent point and the subsequent largest divergent point as shown in Fig. 8 b). We
consider f(z) in this region when CB <
√
3. As shown in Fig. 8 c), the curve drawn by f(z)
using the negative value of CB coincides with that using the absolute value except around the
largest divergent point when CB <
√
3. f(z0) should be positive and is not close to the largest
divergent point, where f(z) becomes negative. It implies that the value of f(z0) will not be
influenced by changing the sign of CB.
In Fig. 8 a)-b), we plotted
√
z as well as f(z). When n¯(0) > 10, the left-hand side of Eq.
(17) becomes large. z0 obtained from the crossing point between
√
n¯(0)/(2z2L) + z and f(z)
is close to −2 when |CB| ≫ 1 as shown in Fig. 8. Under the condition of |CB| ≫ 1, the
integration constant CE can be determined from z0 by using both Eq. (17) and approximate
expression of f(z),
fa(z) ≈ Ai
′(z)
Ai(z)
. (B.1)
The divergence of f(z) around z = −2 is approximately obtained from the first zero of Ai(z)
in the negative z-axis given by
a1 ≈ −2.34. (B.2)
By approximating the crossing point between
√
n¯(0)
2z2
L
+ z0 and f(z0) by a1, the left-hand side
of Eq. (17) can be approximated as
√
n¯(0)/(2z2L) + a1. The approximate value of CE can be
obtained by further introducing the expansion around a1,
fa(z) ≈ 1
zLCE − a1 , (B.3)
into Eq. (17) as
CE ≈ 1
zL
(
a1 +
1√
n¯(0)/(2z2L) + a1
)
. (B.4)
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FIG. 8: (Color online) f(z) = −E¯/(2zL), plotted against the variable z. z = zLcE can be used to
set the boundary condition at x = 0 and z = zL(cE + 1) can be used to set the boundary condition
at x = L. a) CB ≥
√
3 are used to draw all lines. The thick solid lines, thin solid lines, and dashed
lines indicate CB =
√
3, CB = 10
6 and CB = 10, respectively. The (red) dash-dot line below z-axis
indicates the line of −√z and the (green) dash-dot line above z-axis indicates the line of √z. b)
CB <
√
3 are used to draw all lines. The thick solid lines, thin solid lines, dashed lines and dots
indicate CB = −
√
3, CB = −106, CB = −10 and CB = −0.5, respectively. The (red) dash-dot line
below z-axis indicates the line of −√z and the (green) dash-dot line above z-axis indicates the line of
√
z. c) The thick solid line indicates CB = 10
6 and the thick (red) dashed line indicates CB = −106.
The thin solid line indicates CB = 10 and the thin (red) dashed line indicates CB = −10.
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In this way, Eq. (18) was derived. The integration constant CE is determined from the boundary
condition representing the space-charge injection of carriers under the assumption of |CB| ≫ 1.
In the rest of the Appendix B, we study the lower bound of |CB| using the boundary condition
at the counter electrode. The boundary condition representing the fast extraction of carriers to
the counter electrode with the rate ke is given by J = ken(L). By using the boundary condition
and Eq. (13), we obtain,
−
√
zL
k¯e
+ z1 = f(z1), (B.5)
where the dimensionless extraction rate is defined by k¯e = kL/D. The minus sign in Eq. (B.5)
indicates the positive electric field by using Eq. (14). We note using Fig. 8 that Eq. (B.5)
has a solution in the region considered for z1 only if CB is negative when zL/k¯e is smaller than
a1 = −2.34 · · · .
We obtain from Eq. (B.5),
CB = −
√(
zL/k¯e
)
+ z1Bi (z1) + Bi
′ (z1)√(
zL/k¯e
)
+ z1Ai (z1) + Ai
′ (z1)
. (B.6)
By introducing a new variable yik = zL/k¯e and differentiating CB with respect to yik we find
that the derivative is never negative as shown below
1
2π
√(
zL/k¯e
)
+ z1
[√(
zL/k¯e
)
+ z1Ai (z1) + Ai
′ (z1)
]2 . (B.7)
When CB is negative and increases with increasing yik, we obtain the smallest |CB| by taking
the infinite limit of yik in CB as −Bi (z1) /Ai (z1). |Bi (z1) /Ai (z1) | increases with increasing z1
and the smallest value is given at z1 = 0 as
√
3. The similar consideration leads to
√
3 as the
smallest value of |CB| when CB is positive. Therefore, |CB| >
√
3 is obtained.
Appendix C. Current-voltage relation when E(0) = 0
We consider the boundary conditions expressed as,
E(0) = 0, (C.1)
n(L) = 0. (C.2)
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The first boundary condition given by Eq. (C.1) leads to an equation to determine the inte-
gration constant CE ,
Bi′ (zLCE) + CBAi
′ (zLCE) = 0. (C.3)
When the electric field is positive E(x) > 0, the boundary condition Eq. (C.2) together with
Eq. (9) leads to
CB = −
√
zL (1 + CE)Bi [zL (1 + CE)] + Bi
′ [zL (1 + CE)]√
zL (1 + CE)Ai [zL (1 + CE)] + Ai
′ [zL (1 + CE)]
. (C.4)
By substituting Eq. (C.4) into Eq. (C.3), we obtain an implicit function of CE. CB can be
determined from Eq. (C.4) using the value of CE.
First, we consider the case of zL ≪ 1. By substituting Eq. (C.4) into Eq. (12) and expanding
the right-hand side of Eq. (12) in terms of zL, we obtain
eV
kBT
≈ 2
√
(1 + CE)z3L −
1
3
z3L +
1
6
√
(1 + CE)z9L + · · · . (C.5)
By expanding CB in terms of 1 + CE , we obtain,
CB ≈
√
3 +
2Γ(1/3)2
31/6Γ(2/3)2
(1 + CE)zL. (C.6)
By substituting Eq. (C.6) into Eq. (C.3), we obtain CE ≈ −1 by noticing Bi′(0)+
√
3Ai′(0) = 0.
Further expansion of Bi′ (zLCE)+CBAi
′ (zLCE) in terms of 1+CE and zL yields CE ≈ −1+z3L/4.
By substituting the above expression of CE into Eq. (C.5), we obtain eV/(kBT ) ≈ (2/3)z3L which
can be expressed as
I = 3ǫǫ0µkBT
V
L3
, (C.7)
using the Einstein relation D = µkBT . The current density shows 1/L
3-dependence exactly in
the same way as the Mott-Gurney equation. The conductivity σ is obtained from I/(V/L) as
σ =
3ǫǫ0kBT
L2
µ = 3e2
1
rcL2
µ, (C.8)
where eµ is the electrical mobility defined before. The equation similar to Eq. (C.7), I =
2π2ǫǫ0µkBTV/L
3, was obtained previously. [17]
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FIG. 9: Dimensionless current 4piIrcL
3/(eµkBT ) as a function of dimensionless voltage eV/(kBT ).
The thick solid line represents the exact numerical solution of Eq. (12) using the boundary condition,
E(0) = 0. The dotted line represents the result of Eq. (C.7). The circles represent the solution of Eq.
(12) using the boundary condition, n¯(0) = 8.2 × 104 and (C.2). The thin solid line and dashed line
represent the results of Eq. (27), and the Mott–Gurney equation, Eq. (26), respectively.
In the case of zL ≫ 1, we note that CB in Eq. (C.4) rapidly increases as zL increases by using
numerical evaluation. The growth is faster than that estimated by using Eq. (C.6) and we take
the limit of CB ≫ 1 in Eq. (C.3). In this limit, CE can be obtained from Ai′ (zLCE) = 0. Using
the first zero on the negative real axis, we have, [13] CE ≈ − (3π)2/3 /(4zL) . By using the same
approximation leading to Eq. (26), we again obtain the Mott–Gurney equation when zL ≫ 1.
The intercept current density I∗ between linear and quadratic regime of the current-voltage
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relation is obtained from the condition zL = 1 as,
I∗ =
2µǫǫ0 (kBT )
2
e
1
L3
. (C.9)
The intercept current density is related to the thickness of carrier transport layers by 1/L3-
dependence; the intercept current density increases rapidly by decreasing the thickness of carrier
transport layers. The intercept voltage V ∗ can be well approximated by
eV ∗
kBT
= 1, (C.10)
judging from Fig. 9. The intercept voltage is approximately estimated from the thermal energy
as 0.026[V] regardless of the thickness of the carrier transport layers. The value of the intercept
voltage is smaller than that obtained by taking into account the shift of the virtual electrode
due to the diffusion effect.
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